Abstract. The Cauchy problem for the three-dimensional compressible flow of nematic liquid crystals is considered. Existence and uniqueness of the global strong solution are established in critical Besov spaces provided that the initial datum is close to an equilibrium state (1, 0,d) with a constant vectord ∈ S 2 . The global existence result is proved via the local well-posedness and uniform estimates for proper linearized systems with convective terms.
Introduction
Liquid crystals are substances that exhibit a phase of matter that has properties between those of a conventional liquid, and those of a solid crystal. The three-dimensional flow of nematic liquid crystals can be governed by the following system of partial differential equations [4, 18] : where ρ ∈ R is the density function of the fluid, u ∈ R 3 is the velocity and d ∈ S 2 represents the director field for the averaged macroscopic molecular orientations. The scalar function P ∈ R is the pressure, which is an increasing and convex function in ρ. They all depend on the spatial variable x = (x 1 , x 2 , x 3 ) ∈ R 3 and the time variable t > 0. The constants µ and λ are shear viscosity and the bulk viscosity coefficients of the fluid respectively that satisfy the physical assumptions µ > 0, 2µ + 3λ ≥ 0. The constants ξ > 0, θ > 0 stand for the competition between the kinetic energy and the potential energy, and the microscopic elastic relaxation time (or the Debroah number) for the molecular orientation field, respectively. The symbol ⊗ denotes the Kronecker tensor product such that u ⊗ u = (u i u j ) 1≤i,j≤3 and the ∇d ⊙ ∇d denotes a matrix whose ij-th entry (1 ≤ i, j ≤ 3) is ∂ x i d · ∂ x j d. I is the 3 × 3 identity matrix. To complete the system (1.1), the initial data are given by ρ| t=0 = ρ 0 (x), u| t=0 = u 0 (x), d| t=0 = d 0 (x), with d 0 ∈ S 2 .
(1.2)
Roughly speaking, the system (1.1) is a coupling between the compressible NavierStokes equations and a transported heat flow of harmonic maps into S 2 . It is a macroscopic continuum description of the evolution for the liquid crystals of nematic type under the influence of both the flow field u, and the macroscopic description of the microscopic orientation configurations d of (rod-like) liquid crystals.
The hydrodynamic theory of liquid crystals in nematic case has been established by Ericksen and Leslie, see [7, 8, 16, 17] . Since then, the mathematical theory is still progressing and the study of the full Ericksen-Leslie model presents relevant mathematical difficulties. In [18] , Lin introduced a simplification of the general Ericksen-Leslie system that keeps many of the mathematical difficulties of the original system by using a Ginzburg-Landau approximation to relax the nonlinear constraint d ∈ S 2 . Later in [19] , Lin and Liu showed the global existence of weak solutions and smooth solutions for that approximation system. For more results on the approximation system, we refer to [20, 23, 25] . Recently, Hong [11] and Lin-Lin-Wang [21] showed independently the global existence of weak solution of an incompressible model of system (1.1) in two dimensional space. Moreover, in [21] , the regularity of solutions except for a countable set of singularities whose projection on the time axis is a finite set had been obtained. In the recent work [24] , Wang established a global well-posedness theory for the incompressible liquid crystals for rough initial data, provided that
for some ε 0 > 0. Note that the relationship between BM O −1 andḢ 1 2 is (see [2] )
Concerning the compressible case, local existence of unique strong solutions of (1.1) was proved provided that the initial data ρ 0 , u 0 , d 0 are sufficiently regular and satisfy a natural compatibility condition in a recent work [13] . A criterion for possible breakdown of such a local strong solution at finite time was given in terms of blow up of the L ∞ -norms of ρ and ∇d. In [12] , an alternative blow-up criteria was derived in terms of the L ∞ -norms of ∇u and ∇d. The global existence of weak solutions to (1.1) with large initial data is still an outstanding open problem for high dimensions. By so far, results in one space dimension have been obtained in [5, 6] , and authors in [14] consider a multidimensional version with small energy.
In this paper, we are interested in the existence and uniqueness of global strong solutions to the Cauchy problem of (1.1) with initial data (1.2) in the three dimensional space. It is difficult to find a functional space such that the system (1.1)-(1.2) is well-posed globally in time. To this end, we notice that the system (1.1) is invariant under the following transformationsρ
with the modification of the pressureP = l 2 P . A critical space is a space in which the norm is invariant under the scaling
The scaling invariance (1.3) reminds us of a similar property of three dimensional incompressible Navier-Stokes equations, which provides a well-known global existence of solutions with small data in the homogeneous Sobolev spaceḢ 1 2 (see [15] ). Motivated by this observation, we aim at a global well-posedness of the system (1.1)-(1.2) with small initial data in a functional framework where the function space for the velocity u is similar toḢ 1 2 . According to the scaling (1.3), the regularity of the density ρ and the director field d is one order higher than that of the velocity u, and hence a function space which is similar toḢ 3 2 would be a candidate. Unfortunately, the function spaceḢ 2,1 is continuously embedded into L ∞ . Furthermore, as in [3] , the different dissipative mechanisms of low frequencies and high frequencies inspire us to deal with ρ and d inB 2,1 . The rest of this paper is organized as follows. In Section 2, we will give a series of fundamental properties of the Besov's spaces. In Section 3, we reformulate the system (1.1)-(1.2) and state our main result (Theorem 3.1). The main goal of Section 4 is to prove uniform estimates for linearized systems to (1.1), while the global existence is obtained in Section 5. In Section 6, the uniqueness of global strong solution is verified.
Preliminaries
Throughout this paper, we use C for a generic constant, and denote A ≤ CB by A B. The notation A ≈ B means that A B and B A. Also we use (α q ) q∈Z to denote a sequence such that q∈Z α q ≤ 1. (f |g) denotes the inner product of two functions f, g in L 2 (R N ). The standard summation notation over the repeated index will be adopted in the remaining part of this paper.
In order to state our existence result, we introduce some functional spaces and explain the notations. Let T > 0, r ∈ [0, ∞] and X be a Banach space. We denote by M(0, T ; X) the set of measurable functions on (0, T ) valued in X. For f ∈ M(0, T ; X), we define
we denote by L r (R + ; X) and f L r (X) the corresponding spaces and norms, respectively. C([0, T ], X) (or C(R + , X)) stands for the set of continuous X-valued functions on [0, T ] (resp. R + ) while C b (R + ; X) is the set of bounded continuous X-valued functions. For α ∈ (0, 1), C α ([0, T ]; X) (or C α (R + ; X)) stands for the set of Hölder continuous functions in time with order α, i.e., for every t, s in [0, T ] (resp. R + ), we have
As in [3] , we introduce a function ψ ∈ C ∞ (R N ), supported in C = {ξ ∈ R N :
Let F be the Fourier transform. Denoting F −1 ψ by h, we define the dyadic blocks as follows:
Then the formal decomposition
is called homogeneous Littlewood-Paley decomposition. For s ∈ R and f ∈ S ′ (R N ), we denote
When p = 2 and r = 1, we denote · 
If m ≥ 0, we denote by P m the set of N variables polynomials of degree ≤ m and define
Functions in the homogeneous Besov space B s has many good properties (see [1, Proposition 2.5]): Proposition 2.1. The following properties hold:
To deal with functions with different regularities for high frequencies and low frequencies, motivated by [3] , it is more effective to work in hybrid Besov spaces. We remark that using hybrid Besov spaces has been crucial for proving global well-posedness for compressible Navier-Stokes equations in critical spaces (see [1, 3] ). Definition 2.2. Let s, t ∈ R. We set
Remark 2.1. Some remarks about the hybrid Besov spaces are in order:
• The spaceB 0,s coincides with the usual nonhomogeneous Besov space
We have the following properties for the product in hybrid Besov spaces (see [1] ):
Throughout this paper, the following estimates for the convection terms arising in the linearized systems will be used frequently (cf. 
where q∈Z α q ≤ 1 and C is a universal constant that only depends on s i , t, N . The notation φ s,t (q) means that for q ∈ Z,
Remark 2.2. The above lemma looks slightly different from the original one [3, Lemma 5.1]. Indeed, (2.1) and (2.2) are corresponding to (41) and (42) in [3] , respectively, up to a change with the notation φ s,t .
Reformulation of the Original System (1.1) and Main Result
In this section, we first reformulate the original system (1.1) into a different form and then we state our main result on the global existence of strong solutions. We simply set θ = ξ = 1 since their sizes do not play any role in our analysis. For s ∈ R, we denote
Using the idea in [3] , we decompose the velocity field into a compressible part and an incompressible part. Let
and
Owing to the identity ∆ = ∇div − curlcurl, we have the decomposition
which implies that u can be recovered from the information of h and Ω. Denote
Applying Λ −1 div and Λ −1 curl to the moment equation in (1.1) respectively, we obtain that
where ν = 2µ + λ. Since µ > 0 and 2µ + 3λ ≥ 0, we have ν ≥ 4 3 µ > 0. In the second equation of (3.2), we have used the fact that
The advantage of the above reformulation is to get rid of the pressure for Ω, the incompressible part of the velocity, while we still keep all information of the velocity field u.
For the simplicity of our presentation, our proof focuses on the case: P (ρ) = 1 2 ρ 2 . The general barotropic case (P (ρ) is an increasing convex function of ρ) can be verified by a slight modification of the argument below.
In this paper, we shall prove the existence of global strong solution for initial datum that is close to an equilibrium state (1, 0,d) with a constant vectord ∈ S 2 . The result is valid for any positive constant densityρ and we takeρ = 1 just for simplicity. Keeping (3.2) in mind, it is convenient to reformulate the original system (1.1) into a new system in terms of ρ, h, Ω and d
subject to initial conditions
Let us now introduce the functional space that appears in the global existence theorem.
Definition 3.1. For T > 0, and s ∈ R, we denote
The main result of this paper is as follows: 
The local existence in B T can be established by a standard fixed point argument, for instance, see [3] , and in particular the unique solution satisfies d(t, x) ∈ S 2 whenever it exists. The global existence of (1.1)-(1.2) will be established by extending a local solution with the help of uniform estimates for the local solution when the initial data is sufficiently "small". In the rest of this paper, we focus on the uniform estimates and uniqueness of the solution to (1.1)-(1.2).
Remark 3.1. Similar results for other dimensions are still true. As the density is equal to one, we recover a global existence result for incompressible liquid crystal flows, which is similar to [24] .
Uniform Estimates for Linearized Systems with Convection
In this section, our goal is to obtain uniform estimates of local solutions. For this purpose, we consider proper linearized systems with convection that are associated with the reformulated system (3.3). First, we investigate the following linearized equations for Ω and d.
where L, M and u are given functions. For the system (4.1), we have the following estimate:
Then the following estimate holds on [0, T ):
+ Ω(t)
where C is a universal positive constant.
Proof. To prove this proposition, we first localize (4.1) into low and high frequencies according to the Littlewood-Paley decomposition. Then each dyadic block can be estimated by using energy method. Let (Ω, d) be a solution of (4.1) and K > 0. We introduce the following transformation of variables [3] :
Applying the operator ∆ q to the system (4.1), we deduce that (∆ qΩ , ∆ qd ) satisfies
The proof can be carried out in three steps.
Step 1: Low Frequencies. Suppose q ≤ 0 and define
Taking the L 2 -scalar product of the first equation of (4.3) with ∆ qΩ , and the second equation with ∆ qd , we obtain the following two identities:
Adding (4.4) and (4.5) together, we obtain 1 2
where
The term X can be estimated by using Lemma 2.1 (taking
) .
(4.7)
In the last inequality, we used the embedding
Hence, combining (4.6) and (4.7) together, we have for q ≤ 0
(4.8)
Step 2: High Frequencies. In this step, we assume q > 0 and set
We apply the operator Λ to the second equation of (4.3), multiply by Λ∆ qd and integrate over R 3 to yield
(4.9)
Adding (4.4) and (4.9) together, we have
For Y, using Lemma 2.1, one has
Hence, combining (4.10) and (4.11) together, we have for q > 0 1 2
(4.12)
Step 3: Damping Effect. We are now going to show that inequalities (4.8) and (4.12) entail a decay for Ω and d. Denote g q = 2 q 2 f q for q ∈ Z. The well-known Bernstein's inequality implies that
for some universal positive constant C 0 . Therefore, we infer from (4.8), (4.12) that there exists a universal positive constant κ such that
(4.14)
Let δ > 0 be a small parameter and denote χ 2 q = g 2 q + δ 2 . From (4.14), dividing by χ q , we obtain
Integrating the above inequality over [0, t] and having δ tend to 0, we obtain,
(4.15) (4.13) implies that
If we choose K such that KC 0 > C, then we infer from the fact q∈Z α q ≤ 1 that
With the inequality (4.16) in hand, after summation over Z, we deduce from (4.15) that Ω (t)
ds . This finishes the proof.
Next, we turn to consider the linearized system for ̺ and h: 
where C is a universal positive constant and V is given by (4.2).
Proof. The proof is due to the argument in [3] , and similar to that in Proposition 4.1. For the completeness, below we present a proof that is slightly different from [3] . To this end, again we first localize (4.18) in low and high frequencies according to the Littlewood-Paley decomposition. Let (̺, h) be a solution of (4.18) and K > 0. Definẽ
Applying the operator ∆ q to the system (4.18), we deduce that (∆ qh , ∆ qρ ) satisfies
Step 1: Low Frequencies. Suppose q ≤ q 0 . As a result, 2 q ≤ 2 q 0 ≤ 3 ν . Taking the L 2 -scalar product of the first equation of (4.19) with ∆ q̺ and the second equation of (4.19) with ∆ qh , we obtain the following two identities:
Next, we derive an identity involving (Λ∆ q ̺|∆ qh ). For this purpose, we apply Λ to the first equation in (4.19) and take the L 2 scalar product with ∆ qh , then take the scalar product of the second equation in (4.19) with Λ∆ q̺ . Summing up both equalities, we get
Let τ be a small constant such that 0 < τ ≤ . We define
The Bernstein's inequality yields
which implies that
Here we note that the universal constant due to the Bernstein's inequality is harmless in our estimate and thus assumed to be one for simplicity. Multiplying 
with
, the assumption q ≤ q 0 implies that 2
) ≤ 2 q 0 . As a consequence, for X 1 , using Lemma 2.1 and (4.24), we have
where C is a universal constant that may depend on ν. Besides, due to our choice of τ , we can conclude that
Then it easily follows from the Bernstein's inequality that
Hence, combining (4.25) and (4.26) together, we can find a positive universal constant κ such that
(4.28)
Step 2: High Frequencies. Suppose q ≥ q 0 . We apply the operator Λ to the first equation of (4.19), multiply by Λ∆ q̺ and integrate over R 3 to yield
It easily follow from the Cauchy-Schwarz inequality that
A linear combination of (4.22), (4.23) and (4.29) yields that 1 2
For Y 1 , the assumption q ≥ q 0 implies that 2
) ≤ 1, then using Lemma 2.1, we can see that
(4.31)
Since q ≥ q 0 = log 2 3 ν , the Bernstein's inequality implies that 3
As a result, 
(4.33)
Step 3: Damping Effect. We now show that inequalities (4.28) and (4.33) entail a decay for h and ̺. Denote g q = 2 q 2 f q for q ∈ Z. It follows from (4.28), (4.33), and Bernstein's inequality that
(4.34) Let δ > 0 be a small parameter (which will tend to 0) and denote χ 2 q = g 2 q + δ 2 . From (4.34), dividing by χ q , we obtain
Bernstein's inequality implies
for some universal positive constant C 0 , and hence
If we choose KC 0 > C, we have
With the inequality (4.36) in hand, after summation over Z, we deduce from (4.35) that h (t)
ds .
(4.37)
Step 4: Smoothing Effect of h. Based on the damping effect for ̺, we can now further get the smoothing effect of h by considering (4.18) with Λ̺ being seen as a source term. Indeed, thanks to (4.37), it suffices to state the proof for high frequencies only. We therefore assume that q ≥ q 0 .
Define
Then, from the energy estimates for the system
we have 1 2
, for a universal positive constant κ. Using J 2 q = I 2 q + δ 2 , integrating over [0, t] and then taking the limit as δ → 0, we deduce
ds.
(4.38)
We therefore get
Using (4.37), we eventually conclude that
Combining the last inequality with (4.37), we finish the proof of Proposition 4.2.
Global Existence for Initial Data Near Equilibrium
In this section, we are going to show that if the initial data
for some sufficiently small η, there exists a positive constant Γ such that
This uniform estimate will enable us to extend the local solution (ρ, u, d) obtained within an iterative scheme as in [3] to be a global one. To this end, we use a contradiction argument. Define
with Γ to be determined later. Suppose that T 0 < ∞. We apply the linear estimates in Proposition 4.1 and Proposition 4.2 to the solution of reformulated system (3.3) such that for all t ∈ [0, T 0 ], the following estimate holds:
We note that ∇d = ∇(d −d) becaused ∈ S 2 is a constant vector. As a result, the function N (see (3.1)) can be rewritten as
Therefore, the functions L and M in (5.1) are given by
while for the functions K and J in (5.2), we have
In what follows, we derive estimates for the nonlinear terms L, M, K and J . Indeed, for the term u · ∇Ω, we infer from Proposition 2.2 that
Similarly, we have
By the embedding B 
. Then we can apply Proposition 2.2 to obtain that
2 )
(5.5)
In the last line of above inequality we have used the interpolation
.
The term
ρ−1 ρ Au can be dealt with in a similar way such that
Similarly, we can derive the estimate for K: 
(5.9)
we have, by the definition of Besov's spaces
(5.10)
Finally, for J , we have
Substituting (5.7)-(5.11) back to (5.1) and (5.2), we obtain
We choose Γ = 4C 1 , and then η > 0 satisfying
Hence, it follows from (5.12) and the above choices of Γ and η that
which is a contradiction with the definition of T 0 . As a consequence, we can conclude that T 0 = ∞. The proof of global existence is thus proved.
Uniqueness
In this section, we will address the uniqueness of the solution in B 
2 solve (1.1) with the same initial data. Define
T for all T > 0. On the other hand, since (ρ i , u i , d i ) i=1,2 are solutions to (1.1) with the same initial data, (δρ, δu, δd) solves
where we used the notation A :
Applying Proposition 4.1 and Proposition 4.2 to the system (6.1), we get (δρ, δu, δd)
(6.2)
Since (δρ, δu, δd) ∈ B Repeating the argument in Section 5, we easily infer that
. and δM
2 ) .
Substituting those estimates back into (6.2), we eventually get (δρ, δu, δd) 
We notice that lim sup T →0 + Z(T ) ≤ C ρ 1 − 1
. This is because all other terms involve an integral in time in L 1 or L 2 sense so that as T goes to zero, all those integrals will converge to zero. Thus, if η > 0 is sufficiently small, we get (δρ, δu, δd) Then we can argue as in [3] for the compressible Navier-Stokes equations. Let T max < +∞ be the largest time such that the two solutions coincide on [0, T max ]. Taking T max as the initial time, we denote ( ρ i (t), u i (t), d i (t)) def = (ρ i (t − T max ), u i (t − T max ), d i (t − T max )).
Repeating the above arguments and using the fact that ρ i (0) − 1 L ∞ ≤ 1 4 , we can prove that ( ρ 1 (t), u 1 (t), d 1 (t)) = ( ρ 2 (t), u 2 (t), d 2 (t)) on a sufficiently small interval [0, ι] with ι > 0. This contradicts the assumption that T max is the largest time such that the two solutions coincide. Thus, T max = +∞ which means that the uniqueness result holds in R + .
